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Let U(t) and 5’(t) be strongly continuous contraction semigroups on a Banach 
space L with infinitesimal operators A and B, respectively. Suppose the closure 
of A + aiB generates a semigroup T,(t). The behavior of T,(t) as (Y goes to 
infinity is examined. In particular, suppose S(t) converges strongly to P. If the 
closure of PA generates a semigroup T(t) on W(P), then T,(t) goes to T(t) on 
W(P). If PA = 0 and if SVf = -f for f E M(P), conditions are given that 
imply T,(d) converges on 9?(P) to a semigroup generated by the closure of 
PAVA. 
The results are used to obtain new and known limit theorems for random 
evolutions, which in turn give approximation theorems for diffusion processes. 
1. INTR~DLJCTI~N 
The primary motivation behind the work presented here is the 
idea of a random evolution first introduced by Griego and Hersh [I] 
and developed further in [24, lo]. Intuitively, a random evolution 
describes a situation in which a Markov process X(t) “controls” 
the development of another process, the other process being described 
by operators on a Banach space L. 
In particular, let X(t) be a right continuous, temporally homo- 
geneous Markov process defined on a probability space (Q, 3, P), 
taking values in a measurable state space (E, A?) with transition 
function P(t, x, r). Let S(t) be the semigroup on B(E, 33’), the 
space of bounded measurable functions on E, given by S(t)f(x) = 
ff(y) P(t, x, u’y), and let B denote its infinitesimal operator. 
To each state x E E, suppose there corresponds a strongly con- 
tinuous semigroup of linear operators T%(t) on a Banach space L, 
with infinitesimal operator A, . (B(L) will denote the space of bounded 
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linear operators on L.) If in addition, X(t) is a pure jump process, 
tot142 *** is the sequence of states visited by X(t), @l&l, --a is the 
time spent at each of these visits, N(t) is the number of transitions 
before time t, and 
N(t)-1 
A,==t- C A,, 
k=O 
then the random evolution 
is given by 
qt, w): [O, co) x l-2 -+ B(L) 
W, w) = Go(Ao) GJAd -*- &,&4). (1-l) 
Let 3 be the Banach space of strongly measurable functions f: E -+ L 
with jl f 11 = supz 11 f (x)llL. < 00. Then formally at least 
nt>f($ = qqt, W) f(Xk w)) I X(O) = 4 (1.2) 
defines a semigroup of operators on 9. (This is easily seen to be 
true if E is countable.) 
The corresponding infinitesimal operator is (again formally) 
w4 = 4m + w+ (1.3) 
(The meaning of this will be clarified below). If E is finite, say 
E = (1, 2,..., n), then f (x) can be thought of as a vector (fifi -**f,) 
inL XL x --- xLzLnand 
where Q is the matrix of infinitesimal parameters for X(t). 
Proceeding a little more carefully, note that 
defines a semigroup on 3 whose infinitesimal operator is a restriction 
of 
m4 = UC4 U.6) 
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and S(t) can be considered as a semigroup on .A? simply by defining 
s(t>fw = p(v) p(4 x3 4) (l-7) 
forfEJ?. 
Let fifi *-fn EL m -** r), E g(B) C B(E, g), and 
Then 
f = i rlkfk. 
k=l 
k=l 
This indicates the relationship between B and the infinitesimal 
operator of S(t) considered as a semigroup on 2, which we will 
also denote by B. 
The Trotter product formula [l l] suggests that F(t) (defined in 
(1.2)) should satisfy 
~Wf@) = ~Jpw4 w4l”fw (1.8) 
Conditions can be stated under which this limit is justified (in 
particular if E is finite), but that is not our concern here. 
In the case E finite Pinsky [9], Griego and Hersh [I], Hersh and 
Pinsky [4], and Hersh and Papanicolaou [3] have given limit theorems 
for the semigroups YE(t) corresponding to the infinitesimal operators 
with a going to infinity. 
In Section 2 we will prove an abstract version of these theorems, 
in Section 3 we will apply the theorem to a particular class of random 
evolutions obtaining a method of approximating a large class of 
diffusion processes, and finally in Section 4 we will introduce the 
notion of a random evolution with feedback and give an example 
indicating that the limit theorem is applicable in this more general 
context. 
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On occasion it will be convenient to consider an operator (possibly 
multivalued) A as a set of ordered pairs A = {(x, y))(Ax = y). Then 
9(A) = {x: (x, y) E A} and .%!(A) = {y: (x, y) E A}. By lim(x, , yn) = 
(x, y) we mean lim,,, x,, = x and lirnn+= yn = y. 
We will need the following two theorems in Section 2. The first 
is a variation of a theorem in [6]. 
THEOREM 1.10. Let (T,(t)} b e a sequence of strongly continuous 
contraction semigroups on a Banach space L, with injinitesimal operators 
KJ* 
Dejne 
(A may be multivalued.) 
Then there exists a strongly continuous contraction semigroup T(t) on 
9(A) such that T(t)f = limn+m T,,(t)f, all f E 9(A), if and only if 
%(A - A) 3 9(A). The infinitesimal operator of T(t) is the closure of 
THEOREM 1 .l 1 [5, p. 5161. Let S(t) be a strongly continuous 
semigroup on L with in$nitesimal operator B. Suppose 
pp --f .(‘ 
m eextS(t)f dt = Pf 
0 
exists for every f E L. Then 
P is a bounded linear projection, i.e., P2 = P; (1.12) 
S(t)P = PS(t) = P all t > 0; (1.13) 
92(P) = N(B) (the null space of B); (1.14) 
W(B) is dense in N(P); (1.15) 
BPf=Q all f EL, PBf =0 all f E 9(B). (1.16) 
Remark. If S(t) is the semigroup corresponding to a transition 
function P(t, x, F), then the projection P is given by 
Pf (4 = J-f(r) P(% MT 
where the measure P(x, F) is the limiting distribution of the process 
starting from x, i.e., 
l/t jot P(s, x, r) 4. 
the weak limit as t ---f co of P(t, x, r) (or 
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2. LIMIT THEOREMS FOR PERTURBED SEMIGROUPS 
Let U(t) and 5’(t) b e strongly continuous semigroups of linear 
contractions on a Banach space L with infinitesimal operators A and B, 
respectively. Suppose that for each sufficiently large cy, the closure of 
A + aB is the infinitesimal operator of a strongly continuous semi- 
group T,(t) on L. (This implies T,(t)f = lim,+,[U(t/n) S(at/n)lnf for 
all f~ L.) This is true, for example, if either A or B is bounded. 
For other conditions, see Trotter [ll]. In addition assume that B 
is the closure of B restricted to 9(A) n 9(B). 
We are interested in what happens to T,(t) as 01 goes to infinity. 
THEOREM 2.1. Let U(t), S(t) and T,(t) be defined as above. Suppose 
S(t) satisjies the conditions of Theorem 1.11. Let 
D = (f~9?(P) :f~g(A)}, 
and define Cf = PAf for f E D. Suppose 9(h - C) 3 D for some 
A > 0. Then the closure of C restricted so that Cf E i3 is the in.nitesimal 
operator of a strongly continuous contraction semigroup T(t) dejined on D 
and lim,,, Ta(t)f = T(t)f for all f E D. 
Proof. Let C, be the closure of A + olB. (i.e., the infinitesimal 
operator of T,(t).) By Theorem 1.10 it will be sufficient to show that 
contains the pairs (f, Cf) all f E D. 
Since B is the closure of B restricted to 9(A) n 9(B), for 
g E 93(B) there exists h, E 9(A) n 9(B) such that lima+m Bh, = g. 
In addition, h, can be selected so that 11 Ah, 1) = o(a), and hence 
limar& 1 /a) C,h, = g. 
For f E D, (1.15) implies PAf - Af is in 9?(B). Let 
h, E 9(A) n 53(B) satisfy lim&l/ol) C,h, = PAf - Af and define 
Noting that C,f = Af, the theorem follows. 
Remark. In the case of random evolutions a much stronger 
version of this theorem is given in [S]. 
Most of the work on random evolutions up to this point has been 
concerned with the case corresponding to PAf = 0 all f E D. (In 
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this case the limiting semigroup is just the identity for all t.) Limit 
theorems have been obtained under a renormalization of the time 
scale [l-4, 91, and an abstract version of these theorems is given 
below. The distinction between these two theorems is analogous to 
the distinction between the Law of Large Numbers and the Central 
Limit Theorem. 
THEOREM 2.2. Let U(t), S(t) and T,(t) be deJined as above. Suppose 
S(t) satisjies the conditions of Theorem 1.11. Let D and C be defined 
as in Theorem 2.1 and suppose Cf = 0 all f E D. Let 
D, = {f~ D : 3h EB(A) n B(B) with Bh = -Af}. (2.3) 
Define C,f = PAh for f E D, . Suppose 9(X - C,,) 3 D0 for some 
h > 0. Then the closure of C, restricted so that C,f E s0 is the 
infinitesimal operator of a strongly continuous contraction semigroup 
T(t) defined on D0 and limordm T*(olt)f = T(t)f for all f E & . 
Proof. As before, let C, denote the infinitesimal operator for T,(t). 
Then &, is the infinitesimal operator for T,(at). We must show 
that {(f, g): 3(fa , goi) E C, with limor+Jfa , ag@) = (f, g)} contains the 
pairs (f, Cof) for all f E D, . 
Let f E D, and let h E %(A) n B(B) satisfy Bh = -Af. Let 
h, E 9(A) n 58(B) satisfy lim&l/a) C,h, = PAh - Ah. (The exis- 
tence of the h, was verified in the proof of Theorem (2.1).) Let 
Then 
f =f + (l/c+ + (U4 k? * 
cxCmfa = df + Ah + CYBh + (l/a) C,h, = Ah + (l/a) CJZ, . 
Therefore limor+m &‘,fol = PAh. 
Remark. Suppose Jr ]\(s(t) - P)f 11 dt < co for all f EL. Then 
Pg = 0 implies the solution Bh = -g is given by h = jr (S(t) - P)g dt. 
As far as the definition of D, is concerned, this indicates how to solve 
Bh = -Af, but the requirement that h E .9(A) must still be satisfied. 
3. RANDOM EVOLUTIONS 
Let X(t) be a temporally homogeneous Markov process with 
measurable state space (E, a) and transition function P(t, x, r). 
Suppose for each x E E, T%(t) is a strongly continuous contraction 
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semigroup on a Banach space L. Let 9 be the Banach space of 
bounded strongly measurable functions f: E -+ L with jl f 11 = 
sup2 Ilf (4lL . Let -% b e a subspace of 5’ and suppose 
and 
define strongly continuous semigroups on ZO, with infinitesimal 
operators A and B, respectively. Suppose the closure of A + olB is 
the infinitesimal operator of a strongly continuous semigroup F@(t) on 
6p and that B is the closure of B restricted to 9(A) n S?(B). 
The results of Section 2 are of course applicable in this situation. 
Unfortunately, for many processes 
exists pointwise or (if E is locally compact) uniformly on compact sets, 
but not uniformly on all of E. Therefore, the following generalizations 
of Theorems 2.1 and 2.2 may be useful. They are proved using the 
results in [7] in place of Theorem 1 .lO. Convergence of bounded 
sequences, uniformly on compact sets will be denoted by but-lim. 
Similar theorems could be proved for bounded pointwise convergence, 
but the conditions would be more complicated. Theorem 1.11 
generalizes easily to bounded pointwise convergence or to convergence 
of bounded sequences, uniformly on compact sets. 
THEOREM 3.1. Let U(t), S(t) and Tu( t) be de$ned as aboae. Suppose 
E is locally compact and that for every compact K C E and every E > 0, 
there is a compact set K, C E such that 
sup sup qt, x, K,C) < E. 
t XEK 
Suppose 
but-$2 h s;o + e+S(t)f dt = Pf 
0 
exists for all f E PO . Let 
D = (fe 9(P) :f~ q~)}, 
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and define Cf = PAf for f E D. Suppose .%(h - C) 1 D for some 
A> 0. Then the closure of C restricted so that Cf E D is the injinitesimal 
operator of a strongly continuous contraction semigroup Y-(t) defined 
on D and but-lim,,, FJt)f -= .F(t)f for all f E B. 
THEOREM 3.2. Under the conditions of Theorem 3.1, suppose 
Cf = 0 allfED. Let 
D, = {fe D : 3h E 9(A) n 9(B) with Bh = -Af}. 
Define C,f = PAh for f E D, . Suppose W(X - C,) 1 Do for some 
h > 0. Then the closure of C, restricted so that C, f E I& is the infinitesimal 
operator of a strongly continuous contraction semigroup F(t) de$ned 
on D, and but-lim,,, FJod)f = F(t) f for all f E DO . 
Remark. In the above theorems To can be taken to be a space 
on which U(t) and S(t) are “but-continuous,” and A and B the 
operators defined by 
and 
Af = but-lj$(W)f - f)/% 4fE 20, 
Bf = but-lj$$(S(t)f - f&l, Bf+& 
provided 
s 
n cc 
e+S(t) f dt and 
s 
e-W(t)f dt 
0 0 
are in Y. for all f in ZO. 
EXAMPLE 3.3. Let E be a compact topological space and assume 
$3 is the q-algebra of Bore1 sets. For each fixed t > 0 assume that 
{P{t, x, r}: r e a} is an equicontinuous family of functions. This 
implies that S(t) is a compact operator on the space of bounded 
measurable reaE valued functions, and assuming further that 
limt+ S(t) f = Pf exists and is independent of x for every bounded, 
measurable, real valued f (and hence for every f E Z), 
s m II s(t)f - pf II dt < ~0 for all f E 9. 0 
Assume that lim,,, P(t, X, r) = 1 for every open set r with 
x E I’. This implies S(t) is strongly continuous on the subspace of 
bounded continuous L-valued functions. Let this space be PO. 
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Assume that TJt)f is a continuous function of x for each f E L, 
(this implies U(t) is strongly continuous on LQ and that A,f is a 
continuous function of x for all f E &9(A,). 
Finally assume that n,9(A,) is d ense in L and that for sufficiently 
large 01 > 0, 2(h - (A + olB)) is dense in 6p0 for some h > 0. (Note 
that for f E g(A) Af (x) = A,f(x).) The density of 0, ,@(A,) in L 
implies A + c& is densely defined for all 01 > 0 and that B is the 
closure of B restricted to 9(A) n 9(B). The fact that A + aB is 
densely defined and 2Z(h - (A + aB)) is dense in Z0 some X > 0 
implies the closure of A + aB generates a strongly continuous 
contraction semigroup Ya(t) on go, 
The operators Pf and Vf = Jo (S(t) - P)f can be written as 
integrals: 
Pf = If(Y) 4dY) 
where p is the stationary measure for X(t); 
Y.f(d = /f(Y) 4% dY), 
where V(X, r) = jr (P(t, x, T) - p(T)) dt. 
Identifying f E L with the function in 9’ that is identically f, 
9(P) = L and Cf = J” A,fp(dx) for f E &9(A,) = D. 
If Cf = 0 all f E D then C,f is given by 
for all f E D such that 
In particular let L = C(R) be the space of continuous functions 
on R that vanish at infinity with the sup norm, and assume that 
4zf = +4(d/d4f> if f and (d/dz)f E C(R), 
where v is a continuous real valued function on E. Then 
j-v(x) p(dx) = 0 ’ pl rm ies 
(d2/dzz2)f E C(R) and 
C,, is defined for all f E C(R) such that 
Glf (4 = J +-4 J V(Y) 45 dY) 4d4f “(4. 
580/12/I-5 
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In this case C, satisfies the conditions of Theorem 2.2. The semigroup 
YJt) corresponds to the Markov process (X(&), Za(t)) where Z=(t) 
is given by 
Z@(t) = Z,(O) + jt +X(w)) ds. 
0 
The conclusion of Theorem 2.2 implies .ZiY(at) converges in law to 
Brownian motion with variance parameter 
u2 = 2 
I j 
z(x) v(y) v(x, dy) p(dx). 
(This generalizes a result of Pinsky [9].) 
More generally, let ~(2, x) and (d/dx) $2, x) be bounded and 
jointly continuous, and assume j D(Z, x) I = 0. Let 
4fM = +, GW4.W 
Then for f E C(R) with (d2/dz2)f E C(R) 
If u”(z) E 2 SO(I, x) J $2, y) V(X, dy) I is strictly positive and 
Holder continuous and m(z) = J ~(a, x) J (d/da) ~(2, y) V(X, dy) &dx) 
is Holder continuous (both functions are bounded) then the conditions 
of Theorem 2.2 are satisfied. In this case Fe(t) corresponds to the 
Markov process (X(&), &(t)) where ZJt) satisfies 
Z,(t) = Z,(O) + j’ 4W, X(4) dt. 
0 
The conclusion of Theorem 2.2 implies Z,(d) converges in law to the 
diffusion process with differential generator 
; a2(z)(d2/dz2) + m(x) $ . 
EXAMPLE 3.4. Let E = (1, 2, 3,...} and let X(t) be a positive 
;Eei--nt pure jump Markov chain with transition matrix ((&(t))). 
Pj = pz Pdt) 
PERTURBED OPERATOR SEMIGROUPS 65 
and assume jr l&(t) -pi 1 dt < co. This is true if the first hitting 
time of a state has a finite second moment. Let 
s 
c.3 
vij = (PiAt) - PHI dt. o 
Let D = {f:f~ fli B(&) supi Ij Aif 11 < cc>, and assume Cip,Aif = 0. 
If SUPi Cj II VijAjf II < a, 
T v&if E g(Af) 
and 
then 
Note Fe(t) is given by Eq. (1.2) (with X(t) replaced by 
X&t) E X(d)) d an is “but-continuous” on all of DEP. Theorem 3.2 
is applicable if 9?(A - C,,) 19(C,,) for some X > 0. 
4. RANDOM EVOLUTIONS WITH FEEDBACK 
The diffusion approximation example in Section 3 is a special case 
of a more general class of random evolutions. Suppose for each 
x E E, the semigroup T,(t) corresponds to a Markov transition function 
PJt, a, r) defined on a measurable state space (S, 9). Then the 
semigroup Fa(t) should correspond to a Markov process (&(t), X@(t)) 
where intuitively Xol(t) is the Markov process corresponding to aB 
and Z=(t) develops like a Markov process with transition function 
PJt, x, T) when X&t) = x. 
In this case the infinitesimal operator looks like 
Gf (2, x) = &f(a, 4 + @f(z, 4, (4.1) 
where for fixed x A, acts on f (z, x) as a function of z alone and for 
fixed z B operates on f (z, x) as a function of x alone. 
The process X&t) can be thought of as “controlling” the process 
&(t), but it is a control that operates in ignorance of &(t). .This 
difficulty can be remedied by allowing B to depend on x. That is, 
consider 
Gf@, 4 = A,f(z, 4 + cJ4f(z, 4, (4.2) 
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where A, acts on j as a function of x alone, and B, acts on j as a 
function of 3 alone. 
The processes that correspond to infinitesimal operators of this 
form should be useful in modeling such things as population growth 
(Z&(t) would be the population size and X&(t) would be the environ- 
mental factors that affect the rate of growth of the population, which 
in turn would be affected by the size of the population) as well as in 
control theory. These possibilities will be considered in future papers. 
In particular, a compactness theorem of the kind of interest in control 
theory will be given. Here we will give only one simple example 
indicating that the results in Section 2 are applicable in this more 
general setting. 
Let E = {I, 2) and S = (- cc, a), and consider the operator 
c, 7:; = ‘$ O 
( 1 2x 
i i 
o _ g (;;:;I + Ly ( 
41 + z”) (1 + 2”) fi(Z) 
(1 + z”> 41 + x2) Ii 1 fi(Z) * 
(4.3) 
The process .Za(t) moves to the right with unit velocity if XE(t) = 1 
and to the left if X,Jt) = 2, and P(Xa(t + At) # Xa(t) 1 .&(ti(t) = Z} = 
ol(l + x”) dt + o(&). 
The projection is 
and clearly Jo 9(A) n B?(P) implies PAj = 0. A solution of 
Bh = - Af for j E 9(A) n 22(P) is given by 
For j twice continuously differentiable with compact support we have 
It follows, that as ~11 goes to infinity .ZU(at) converges in law to 
the diffusion process with generator 
1 a2 -- 
2( 1 + 9) dz2 (l&2)2 ik* 
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